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A Signal Estimation Approach to Functional MRI

V. Solo*, Fellow, IEEE P. Purdon, R. Weisskoff, and E. Brown

Abstract—in the last half decade, fast methods of magnetic reso- [4], [5] in which multiple brief stimuli are applied during a
nance imaging have led to the possibility, for the first time, of non-  single experiment. Although our approach supports analysis of
invasive dynamic brain imaging. This has led to an explosion of this kind of data, we have not pursued such examples here
work in the Neurosciences. From a signal processing viewpoint the ’ - - . .
problems are those of nonlinear spatio-temporal system identifica- The reconstrgcted fMRI signal,, p at time# and pixel” 'S_
tion. In this paper, we develop new methods of identification using thoughtto consist of two factors: 1) the BOLD hemodynamic re-
novel spatial regularization. We also develop a new model compar- sponses; p brought about by some stimulgsand 2) the “brain

ison technique and use that to compare our method with existing noise”v, p. This “brain noise” consists of hemodynamic fluc-

techniques on some experimental data. tuations of unknown origin, possibly related to “background”
Index Terms—Functional MRI, image processing, inverse processes in the brain, as well as cardiac and respiratory fluc-
problem, MRI. tuations. In most cases, the cardiac and respiratory influences

account for only a small portion of the observed variability.

. INTRODUCTION

A. General B. Review and Preview

ECENT developments in fast imaging with magnetic res- Methods of analysis of fMRI data are in a rapid state of devel-

onance imaging (MRI) have allowed researchers to stug@pment. With rare exceptions ([6] and our own conference pa-
the function of the human brain with a unique combination ¢¥ers [7], [8]) previous modeling work has been pixel-wise with
high spatial and temporal resolution that is unmatched by ot} notion of using any spatial continuity to improve signal and
imaging modalities [1], [2]. The MR signal is sensitive to locaParameter estimation efficiency. Also, many approaches use hy-
changes in blood oxygenation and blood volume brought abd@thesis testing based on differences between averagas in
by neural activity. The signal changes observed through tf8d OFF periods. In this paper, we are interested in taking a
blood oxygen level-dependent (BOLD) contrast mechanispignal estimation approach that is not tied to a particular stim-
occur on a time scale of seconds, allowing observation of His signal paradigm and that allows the possibility of increased
interesting range of dynamical patterns within and among bréfﬁtistical estimation ef.ficiency..This is particu!arly important
regions. A brief, readable survey of brain Mapping with thi§ince more complex stimulus signals are coming into use [4].
functional MRI (fMRY) is available in [3]. Also scientific questions may go unanswered because of low

In a typical block design fMRI experiment, a subject is préignal-to-noise ratio (SNR) in estimation. The most widely used

sented with a stimulus or cognitive task, in a periodic “off’—*on’current approach is that of [9] which uses a linear convolution
pattern, while images of the brain are taken in rapid successi#2del to relate stimulus to response and deals with colored
An example might be a flickering checkerboard visual stimulUise by prefiltering. They make no use of spatial regulariza-
which is “on” for 10 s and “off’ for 15 s (i.e., a “square-wave”tion- Because of its common use, we will compare our results to
stimulus). Such experiments are designed to determine and #@se obtained by the modeling technique of [9]. In [6], a frame-
alyze regions of functional specialization within the brain tha¥ork similar to that of [9] is used but spatially varying delays are
are related to the stimulus presented. A typical fMRI experimefowed as well as colored noise. Also spatial smoothing is em-
lasts several minutes, with a sampling interval between imagd@yed and a more flexible impulse response model is used. Our
ranging from hundreds of milliseconds to several seconds aff@rk has some similarities to this but was developed indepen-
with a spatial resolution of a few millimeters. More recentlydently. Other work of note includes [10] who use singular value

so-called event related fMRI experiments have been develog&fOmposition (SVD). This approach does notimpose temporal
or spatial continuity. And it does not directly incorporate esti-

. . . __mation of the stimulus to response transfer function. This can
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the first step reconstruction and then another MRF step follows.[16] which attempts to inject some physiology into the mod-
The failure to apply all constraints at the beginning leads toeding. More details of the construction of the model are given
loss of statistical efficiency for this procedure. in [17]; here, we concentrate on statistical signal processing is-
We develop a weakly nonlinear spatio-temporal colored noisaes. There are other approaches which do not, however, explic-
model based partly on empirical work and fit the model usinitly model the relation between stimulus and response. These are
a local spatial regularization method that is computationally ediscussed further below.
ficient. We also develop a new model comparison method. TheOur model then is a pixel by pixel construction. Here, we only
local regularization and the model comparison are the main cateal with single slice data and so treat motion effects crudely
tributions of the work, but the emphasis on system identificatidoy means of a drift term. We begin by describing the signal
rather than detection is also important. Section Il describes tm@del and then follow with a description of the noise model.
model, Section Il discusses the model fitting based on cyclihe signals,, p is a product of two terms; a term representing
descent and the model comparison is developed in Section dXygen level and a term representing blood volume. Each of
An example of the method applied to real data including corthese terms is modeled as a convolution of the stimulus with an
parison to the generalized linear method (GLM) is describediimpulse response; more details are given in [17]. We have then
Section V while conclusions are offered in Section VI. More

technical material is placed in Appendices A and B. st,p =H(t — Dp)(Yor + 11PgP * Ct—Dp)
X (Vop +Virp:—Dp)
C. Notation —t/12 "
Pt =¢ * C

For convenience, we collect notation and definitions here. In
places a superscript zero denotes no regularizaiioor. @ de- where
notes a pixelt denotes a timefp is an activation amplitude at  v.r, Vop “dc” levels;
pixel P and in our model below will have three components, vip, Vip gains;

fr = [far, fir, fer]t. 6p denotes a general parameter at gp(t) hemodynamic impulse response;
pixel P and is splitintodp = [3p, ap]? wherelp is a signal Dp spatially varying delay;
parameter and p is a noise parameter. We denatg d, tobe  H(.) heaviside step function;

the per pixel dimensions @p, ap. Below we will meet some = denotes temporal convolution.

nuisance parameters (motion parameters) which we will lunifne form of the respongg is based on empirical studies and
in with the signal parameters, p is a signal at time, pixel P has been prespecified here ,because as we shall see in the kind
andz, p denotes its temporal Fourier transform whéres a  of experiments we have analyzed, the stimulus signal has insuf-
Fourier frequency ficient persistence of excitation to provide reliable estimates of
many parameters. The hump shapedt) impulse response is
- n—1 —iwnt 27r/€ . .. . ..
T p = X0 tay pe I, wy = ——. motivated by empirical studies and also by a similar model used

2

n by [6] and given pixel-wise by
Fy, p = Fi(ap) is a power spectrum at frequenkyAlso we C1jron2 )
will use several covariances, each of the general form gp(t) = (1 —e /") (t+ 1)e™7"
Cuep = 0 2R(ET 2y, pull [y p) with normalizing constant chosen to make(t) sum to one irt,

for each pixelP. Also 7p is a time constant and then the hump
where superscrigtf denotes Hermetian i.e., complex conjugatgas a maximum at = 7 + 1. Note also thayp(t) is well
transform. Also we will use a spatial weighting kernel or maslgehaved int, asrp» — 0 or 7p — 0.
Kg that sums to one and is supported on a finite neighborhood Expanding the product and reorganizing terms gives
This could be e.g., cone or pyramid shaped, e.g.,
o, o ear st.r =vorVopH(t — Dp) + for(gp + ¢)(t — Dp)
k= (55 & () a1 =200, e Dr) bt~ Dor» =0,
A

e.g.K(u) = 0.75(1 — u?)y or K(u) = (1 — |ul)y+ and0 <

h < 1; h controls the effective mask size. The support regiofurning to the noise, based on empirical studies [14] we use a
corresponding ta: is of size(2Mh — 1)(2M>h — 1). Also first order autoregressive model for haemodynamic fluctuations
cps is a correction term for the discreteness of the pixels;= and white noise for background “thermal” noise; again see [17]
(1 —(1/4M32))(1 — (1/4M3)). In the sequel, we use “dc” to for details. The noise model is then

denote a mean or baseline or constant value. ] ] _
v, p = AR(1) noise+ white noise

Il. TIME SERIES DECOMPOSITION =wy,p+ 1, p
. . T, P
Our approach builds on earlier work of several researchers; ik E—— + v p
—apz

[13] who used a convolution with a Poisson shaped impulse
response to relate stimulus to response; [14] who showed thdtere », p, 7, p are independent white noises of variances
there is important low frequency colored noise; [15] who ins2, o—?“,, ap is the AR(1) parameter angd ! is the backshift
vestigated the validity of linearity and convolution; and workperator.
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We incorporate the dctermin (2.1) into an overall dc tetm Wherng is the weight function or mask as described above.
while a drift termbpt is added to deal with motion as describedVe now optimize/(6p) to get the estimate df> at pixel P.
above. Our overall model then gives the fMRI sigmalp as Then we move through the whole region one pixel at a time re-

(witht=1,,n, P=1---M) peating the whole computation. This procedure provides non-
parametric estimation of . Our spatio-temporal model is a
xep=mp+bpt+ s, p+ v p. (2.2) semiparametric model in the sense that the temporal specifica-

tion is parametric while the spatial part is nonparametric. We

can also allow tha# » varies as a polynomial in each neighbor-
IIl. M ODEL EITTING hood and this is known to provide superior bias and variance
roperties [20]. We have not implemented that extension here,
wever. At the edges just use that part of the mask that overlaps
e region (with necessary rescaling so weights in mask sum to

It proves computationally advantageous to carry out mo
fitting in the frequency domain. Fourier transforming (2.1), (2.2&1
and neglecting aliasing (which proves to be no problem) givef)

In the sequel, we assumg is known from empirical studies.
But below in the EM algorithm we show how to estimafgalso
with a minor change.

Computational details are given in Appendix A. The general
strategy is to optimize using cyclic descent with a judiciously
chosen order that uses parameter linearity where possible and

Zr,p = mpoorpn + bpuy + 6_jkaP€;€pfp +0,pr (3.1)
where we have setp = [f.pr, for, for]* and

&r =60, pas Gruénrel’s Enpa = Graés etC.

o ﬂ E#0;,=0,k=0 allows the delay to be treated as a one dimensional correlation
n~t(l-e ) calculation. We call our method locally regularized spatio-tem-
bor =0,  kZ0;=1%k=0. poral modeling (LRST). Derivations of the computational equa-

tions are given in Appendix B.
Local Likelihood: The likelihood function is defined

pixel-wise and to develop it clearly we first exhibit it without
spatial regularization. We use a Gaussian negative log like-
lihood criterion which has a well known frequency domain

approximation [18] as follows. In the absence of spatial the problem of comparison of statistical models, which in-
regularization, it has the pixel-wise form cludes the problem of model order selection for finitely param-
eterized models, has a considerable literature. A nice summary

IV. M ODEL COMPARISON

Ik7p(/3p) b)) 10ng(Oép)

J3(6p) =% (3.2) ofthis work can be found in [23]. We need not only to be able to
2Mnli(ap) 2M , . compare models of different structure such as LRST and GLM,
I (B — |2x,p — mpboxn — bpus, — ¢ /PPl L fpl2 put also models of the same structure that depend on a tuning
b P(Ar) = n parameter; in our case a mask slzeDespite the considerable
(3.3) work on this problem there are no available methods that cover
) o—gyp our case; e.g., criteria like Akaike’s information criterion (AIC)
Filap) =a, + (34 are not applicable because the tuning parameter in our case is

[T —apemioi]?” ble b _
not a model dimension. We present a new model comparison
A typical approach to recognizing the spatial continuity in som&iterion called NURE (nearly unbiased risk estimation) which
of the parameters is by applying, say, Tikhonov regularizatid® of general applicability. It may be regarded as a generaliza-
[19] to this criterion. However, that leads to a global nonlineaion of methods such as AIC and has been briefly described on
optimization problem that is computationally intractable. Ina totally different problem in [8].
stead we have applied the local polynomial technique that haslo develop a model comparison criterion one needs, for given
become popular in Statistics [20] but which dates back to Ecorth-a discrepancy criterion or risk functidi(4) that measures the
metrics of the 1920s. Similar (but not the same) ideas are usiscrepancy between a user chosen feature (such as a spectrum)
in optical flow estimation in computer vision [21], [22]. At eachand the model of it. Models are then compared on the basis of
pixel P we consider a neighborhood of nearby pixels. For th& = E(R(f(x))) wheref(z) is an estimator of based on data
purpose of parameter estimation at pi¥&l we setédp to be x. Of course the model has to be fitted to the datisased on
fixed. We use a likelihood function, however, that is a weightesbme data fidelity criteriod (6, x). R(#) andE(J(f, x)) may
average of the pixel-wise unregularized likelihood above, thusr may not be related.
Now there are two problems in carrying this out. Because

Jp(6p) = EQKgJ%_Q(ep). R(0) involves data features it is not computable; so one must
find an unbiased estimator of it instead, s&{f) = R(6, z)
Or, more carefully based on data; this is usually not too difficult to construct.
The natural surrogate fa& will then be R(6(x)) = R(6(z), =)
Jp(6p) = %EK& <Ek In Fi(ap) + S Ik,P—Q(ﬁP)) but t_his will be bigsed. So a Tc_';\ylor series argument is used to
nFi(ap) provide a correction term (which turns out to measure model

(3.5) complexity) to be added tﬁ(é(a:)) to yield a nearly unbiased
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estimator ofRR. A brief derivation is given in [8]. We now de- the parameters. This simplifies computation of NURE enor-

scribe these elements for our problem. mously as compared to what one would get with say Tikhonov
] o regularized criteria, since it makes matrices that appear in the

A. Risk Criterion model complexity term to be block diagonal. We have then

The risk criterion we use is the Kullback-Liebler (KL) infor-

mation, because it seems to be almost the only criterion that si- J(0)=XpJp(0p).

multaneously measures discrepancy with respect to both signal

and noise parameters in a natural way. The KL informatiofhe NURE is then given by (see [8] for a brief general deriva-

Rx1.(8) is given by tion)

RKL(Q) — /p(x) In < p(x) ) dz FA{KL = EPFA{KL(QAP) + Eptrace(.]Z})’eWp7€).

pe(z)
_ _ The trace term is a bias term or model complexity term and it
Wher@)(.’ﬁ) is the true but unknown denSIty of the data @@dt) has both Signa' and noise Components_ Also
is that under the model. Under Gaussian assumptions

_ - d?Jp
p(-T) — (27r)—n/2 |E| (1/2) e—(l/Q)(W—H)TE 1(39—#) J27p7€ =F <m>
and similarly forpg (z). So we find W —E dJp dRKL(Gp) 4.2)
1 1 1 N dfp. de,T,7€ '
Rici.(6) = — 5 [25%] - g +SATET A + St (271E)
A — wherefp . is the “pseudomean” which satisfies
6 =He — M-
. . . . dE(J
Under stationary noise assumptidns>.y are both Toeplitz ma- # =0.
Pe

trices and are nearly diagonalized by Fourier eigenvectors. So
we get (dropping the:/2) approximately on recognizing also

the pixel-wise independence fp, . is unknown and we usually replace it ﬁys in the above

expressions. This introduces extra bias but it is of lower order.
Ry (6) IEPRKL(9P) ne\é\g ;Eslr}cjg\)/\??tézpﬁ Wp. into signal and noise compo-

IFiupo n EE |Ar.op. P> + Frpa
Fk r 2 Fk7p 7 < J2,,8,,8 J2,,8,a )
2,Pe —
JQ,(y,,@ JQ,(y,(y

RkL(6p) = — —21

whereF}, p, is the true or actual spectrum of » at temporal
frequencywy, = 27k/n andFy, p = Fy(ap) is the spectrum W — Wss Wga
according to the model. Alsd, ., p is the DFT of A, p. DT\ W, s W
Again, we do not know, .., Ay 6, » SO We cannot calcu- i ’
late Rk1.(6p) and, henceRky.(6). So as indicted above we con-where e.g.,
struct an unbiased estimator valid for fix8dThus, (dropping )
theln Fy po term, which does not depend éhwe see easily Jy 90 = E d-Jp
that for fixedd [Wlth Ikyp(ﬁp) = |.’1~7k7p - /ij7 p(ﬁp)|2ﬂ_1] dﬁpﬁda%’e
\E P — fikpop|? In each case below, the NURE has the form
an P ~ ~ ~ ~
1 Lor(Bp) Ryy, =2pRk1.(0p) + Ruc
=3 Yl Fy(ap) +3 Ly derfr) Frlar) 4.1) Ryic =model complexity

R]\{c = Eptl‘ace(JQ_’Il)ﬁWp’e).

S 1
RKL(QP)—QEIHFkP‘i‘ b))

is an unbiased estimator &y, (6). Again it is not sufficient

to useXp Ry (fp) as our model comparison criterion sinceSo, below, we just give the model complexity expressions.

it is biased as an estimator &f»E(Ry 1. (8p)). Taylor series Explicit expressions for derivatives are straightforward and

expansions allow one to calculate the bias terms (see belowhitted.

But to do so we must specify the model fitting criterion which The general NURE criterion does not assume that the data

we now do. generating process belongs to the model class being fit. If it does
o o belong then the model complexity trace term simplifies alot and

B. Data Fidelity Criterion we denote the resulting criterion in lower case as nure. Thus,

We have been using a locally spatially weighted likelihood.g., AIC is actually a nure criterion while its NURE equivalent
function. A crucial observation is that the local weighting mears TIC (see [24] for a review and extensions). Below we develop
that the overall data fidelity criterion is pixelwise separable ianly nure for simplicity.
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C. NURE for LRST Model |£/3k|2 takes the place of odr/ Fy,(«p). Thus, the expression for

For simplicity, here, we give only the nure version. Here, thExL(fr) will be

signal and noise components uncouple and we get
| P2 |?

k. P—Q(Bre)NE p_o(Bre) Note that' [9] model t.he drift by a Fourier ;eries of seven terms.
There is only a signal model complexity term to be added

A o 1 1 1 A -
RKL(QP) = 5 Yrln —— + 5 Ek_[k7p(/3p)|(/)k|2
Rye = Eptrace(ngyan,g) + Eptrace(JinaWaa)

h A
a5 = —SKBT,

Fkgap Jn namelyX ptrace(.J; 5 ,Wsg) where
e Ak P(Bre)A; p(Bre) P
Wgg = — KjZi ~
Filaran Pl
diix. p(Bpe) Jo,58 = Tk, (Bre) Ay, p(Bre)
Mrlle) =5, = "l
e . T k
Fyo = — EEK}LE | Yrlap )T (ap) Frp 0. Wogs —Eka,P)\k,P(ﬁPe))\k,P(ﬁPe)T-
;o Qk
2 Fk(ape)
1 To computel¥s; we could either put /Fy p = |éx|? in which
Weoa = — _K}LE b, . T . 88 ' i N k
470 wir(ape )y (are) case the complexity term becomes simgh/ . Or else we can
Snlap) = dln Fy, () (4.3) Uselkr = I, p and then the trace will have to be computed.
R dao ' Explicit expressions fok., »(3p.) are straightforward since

the [9] signal model is linear.

In these formulas, we repladt-. by gp and Iy p_o.o by
Iy, p_Q(Bp). These results are relatively straightforward to
obtain. For example, to obtain (4.3) use (4.2). So differentiateWe applied our LRST method to fMRI data from a combined
through (3.5) and (4.1) with respect ta-. Then take cross visual and motor experiment. The data were collected using
covariances between the two expressions using the fact thaGE Signa 1.5-T scanner modified for echo-planar imaging
cov(Iy, p, I p—q) = F} pbp— @bk 1. (EPI) by ANMR. The subject was presented with a full-field
Note that the signal and noise complexity terms are closefigkering checkerboard, in a 12.8esF, 12.8-soN pattern, re-
(dg/h?), 2(d./h*) respectively. Alternatively if we call (ap- peated eight times. A single slice image transecting both the
proximately) N = 4h*M the neighborhood size then these&isual and motor cortex was taken once every 800 ms for the
penalties ard4Mdg/N), 8(Md,/N). We may think of this duration of the experiment. These data were analyzed with the
roughly as # of independent parameter# of independent pa- above methods over a range of regularization smoothing widths.
rameters per neighborhood# of neighborhoods. An activation map was created by taking the square-root of the
weighted 2-norm of the estimated activation signal as follows:

V. APPLICATION TO DATA

D. NURE for GLM

P 2
Again we give only the nure version here. The GLMmodel of activation= gm
[9] is kP

This activation metric provides a rough measure of the extent
of the activation signal while accounting for the large, spatially
varying hemodynamic fluctuations (noise) by weighting with
noise spectrum. In order to compare our regularization tech-
nique to other spatial treatments, we also analyzed the data in
two other ways: 1) by employing our method without regular-
r%ﬁtion; and 2) by spatially prefiltering the data with ax33
separable Hanning kernel and then analyzing it without regular-
ization. In Fig. 1, we show an anatomic image with several re-
gions of interest (roi) corresponding to motor cortex 1), primary
visual cortex 2), superior sagittal sinus 3), and white matter 4).

x,p = p,r(Bp) + €1,p

wheree, p is a white noise. We use for a mean angs for a
signal parameter but these are different parameters to ours
i is a different function of3. There should be no confusion
in context. Reference [9] smooth the data and estimidtem
the smoothed data by ordinary least squares. If we denote tl
smoothing filter by¢,, then since their calculation is pixel by
pixel, their estimator is (superscriptis for [9])

8= arg.min.J (/) Figs. 2-5 show time series of data from these ROIs along with
JEB) =SpJE(Bp) timing diagrams of the stimulus. Figs. 2 and 3 also show plots of
- 1 ) . . the LRST fits superimposed over the actual data, demonstrating
Jp(Bp) = 5 Taltrr — i, p(Ap)[ | él a strong correspondence between the observed behavior and the
=11, P(ﬁl’)|(/~)k|2 model fit. In Figs. 6 and 7, similar plots are shown for the GLM
2 s

fits. In each case, residuals are also shown; the residuals are es-
, timates ofv; p in (2.2) ande,, p in the GLM model. In Fig. 8,
wheregy, is the DFT ofg,. If we compare this to ouf» thenthe we show a frequency domain view of the motion and baseline
simplest interpretation af;, is that it is a whitening filter. Thus, corrected signal. And by way of comparison in Fig. 9 we show
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Time Series from Visual Cortex with Stimulus Paradigm
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Model Fit from Visual Cortex

1 1 L A L

" i § ( 1
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Residual from Visual Cortex
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Time (sec)

Fig. 3. Primary visual cortex time series, regularized fit and residuals.
2 Time Series From Superior Sagital Sinus (with Stimulus Paradigm)
5 T T T T T T T T T
220 .
215
Fig. 1. Brain map showing regions of interest.
210
Time Series from Motor Cortex with Stimulus Paradigm 205
230 T T T T T T T T T T
20011
195
210 L s h L 1 190 B
0 20 40 60 80 100 120 140 164 180 200 mm _]’
250 . ' . Moxdel Fit lro:n Motor Clortex . ' ' ' 185 ] ]
180 ' 4
! 750 2‘0 4'0 6‘0 8‘0 |(I)0 léO 1 :w 1 (‘50 1 éO 2(‘10
Time (sec)
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10 . i __ esidualfrom Molor Cortex. : . , Fig. 4. Superior sagittal sinus time series.
5 4
0 WMWMWW/WW Time Series From White Matter (with Stimulus Paradigm)
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st b
_10 : 1 . ) . . . ) L . 253} E
0 20 40 60 80 . 100 120 140 160 180 200
Time (sec) 252 i
Fig. 2. Primary motor cortex time series, regularized fit and residuals. 2511 1
250 § |
the frequency response of the gamma hump and in Fig. 10 the il ‘
AR(1) noise spectrum. In Fig. 11, we show activation and noise ‘
plots for the unregularized, regularized, and prefiltered anal- ¢ b
ysis described above. The noise is plotted as the square-root of ..} ]
the power in the AR(1) portion of the noise signal. The noise el |
estimates for the regularized case appear smoother than either {
the spatially prefiltered case or the unregularized case. In addi- 2% 1
tion, the noise for the regularized case shows contrast between .. s s - . . ' - s s s
[ 20 40 60 80 100 120 140 160 180 200

gray matter and white matter, coinciding with the notion that

the noise comes from hemodynamic sources. In the unregular- ) ) )
ized and spatially prefiltered cases, this contrast is less cldaf; > \White mater time series.
Because we are regularizing over just the noise, the activation

Time (sec)

maps for the regularized case have the same (in fact slighithyFigs. 12 and 13, we give plots of the nure for the regularized
better) high spatial resolution as the unregularized case, cgmmecedure and for the method of [9]. We see that our regular-
pared to the blurred activations in the spatially prefiltered caseed analysis produces a much better result. Finally, in Fig. 14
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Time Series from Motor Cortex with Stimulus Paradigm
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Fig. 6. Primary motor cortex time series, GLM fit and residuals.
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Fig. 7. Primary visual cortex time series, GLM fit and residuals.
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Fig. 8. Motion corrected signal.

we show some analysis of innovations. For LRST, the innova-
tions signal is the error signal produced after fitting the AR{1)
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Fig. 9. Gamma frequency response.
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Fig. 11. Activation for each of three methods.

leaving much color in the innovations. The LRST innovations
are by contrast essentially white as expected.

VI. CONCLUSION

white noise model to the residuals. For the GLM method, the in-In this paper, we have discussed the use of regularization
novations are the result of applying the GLM “whitening” filterto improve the modeling of fMRI time series. To avoid com-
to the residuals. We see that the GLM filter does a poor joputational problems we have eschewed Tikhonov regulariza-
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- ferent estimation methods and used that to compare our LRST
S technique to the currently popular GLM method. Our method
- shows superior performance. Other topics for further study in-

clude; provision of standard errors for parameter and activation
estimates; extensions to deal with single event data.

APPENDIX A
COMPUTATIONAL DETAILS

The estimation ofnp decouples because it enters only the
zero frequency term in (3.2). Firstly minimizing ) with re-
spect tom p gives

fap = SoKRe (gzo,p_Q —& fp) / n. (7.1)

Fig. 12. Nure for LRST method. This nulls the first term in (3.5) and thehp can be calculated
at the end, oncégp is found.
bt We now denotép = [5%, o) to be the remaining param-
| - eters.fp = [8p, ff, Dp]" andap = [o7 p, ap|”. And we
minimize Jp(6p) with respect tdp using cyclic descent, thus,
= the following:

givenap getjp = [Bp, £, Dpl;
given 3p getap.
Getting3pr = [Bp, f,Dp]*: We proceed in two stages:
givenbp getDp, fp;
givenDp, fp getbp.
Getting Dp, fp: Setyg p = e/¥Priy p = e?Pr(iy p
— bpuy) so then

Dp = arg . max O'Zwofp(gggp)ilgyogp (7.2)

L = =

i.e., plot the cross covariance for a lag corresponding to a max-
imum. Note that¢ p only gets calculated once; ondy.¢ p is
Autocovariance of Innovations from Motor Cortex recalCL"ated aswe VarDP OnceDP IS found then

T T
N N — Regularization
08f ~ - GLM

\ | fr = (oecr)  oyocr- (7.3)

Fig. 13. Nure for GLM method.

: But this need only be found at the last iteration.
. Gettingbp: We introduce the unregularized estimator

n L 3 T _1
o 5 Lag Timo (500 10 15 (I)) _ OuzlP — Owogp(aggp) (UuofP)
T

Autocovariance of Innovations from Visual Cortex OuulP — OuotP (af er ) -1 (auof r )

— Regularization
- - GLM

(7.4)

and callA p the denominator in that expression i.e.,

Ap = 0yur — TuoeP(0eer)  Houoe )t

~~ ] The local constant estimator is simply

woteeea bp = (SoAp_oKb) " To(Ap_gbp_oKb).  (7.5)
Fig. 14. ACF of innovations.
Gettingap: Here an EM algorithm [25] proves most conve-

tion rather using local modeling. We found significant improvelient and requires zero padding. Below a subscript zero denotes
ment in SNR due to regularization of the noise parameters. current iteration while subscript one denotes next iteration.
also found significant improvements over prefiltering which hade first list the unregularized algorithm

been a popular method in the fMRI literature. Effects on mo- _ . 2

tion parameters (not reported here) were of smaller order. Ef- varp = X(|wox,p[*/n +Lo,x)/n (7.6)
fects on delay parameters will be reported elsewhere. We have ai, pr ICOV’P/ varp

also developed a discrepancy measure (nure) for comparing dif- covp =X (o p,p|> /1 + Lo, x)/n (7.7)
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o2 p=varp(l—af p) Getting Fy, p: For clarity, we drop the subscrig? in this

subsection. For the EM derivation, the data is- w + v. The
) KL (Kullback Liebler) function (also called th€ function) for

Lox =hwpa, the EM algorithm is the conditional expectation giveof the
oZ log of the joint density ofv andi/\noalign{\vskip4pt}

Lorr

Wo,k,p = hipCr,r

hip=1—

T3 0.r KL (61, 6p) = KL, + KL.,,.

2
Fo.x.p =0, + |1 — agp pc*jwk|2'
Note, for later use, for a stationary signal

To estimates? also the update equation is

Yyt = 2"|qjl|’Z Elin|? ~ nFy,
2 - - 2 19t 1Y% Yk yk
0,1, p = 2(|éx,p — wWor,p|"/n + Lox)/n.
herel’,;, is a spectrum. And,,,; denotes the cross spectrum
etweenw, v. Also in this subsection successive iterates are

denoted with indices respectively 0,1. Continuing we find

Turning now to spatial regularization, the algorithm is exactl
as before except that now

varp zEQvar?) QK]‘ 1
_ S 2 2
covp —EQCOVP QK KL, = ng Eo (Emvk — | |Uk) +nlnoy,
1 ni~ |12 Jwe 12
wherevar®, cov® denote the quantities in (7.6), (7.7). KLy =5~ Eo (Z7 onl*1 — are’™ |*n)
nl
1
APPENDIX B + 37 In <0727172> )
DERIVATIONS 1= azer|

Itis clearer if we first develop the no-regularization case andow KL ,, is free of unknown parameters. While
then modify the results for regularization.

1

A. No Regularization KL, = — Y (o |? 4+ nLor)|1 — ag e |?
nl
GettingDp, fp: Setting ) 1
+X%1n <07]1 4|1 — alcjwk|2>

Gx.p = (Zp.p — bpuy) = e I« PP (éapfp) + vkp
where (withF,;, = For)
the criterion (3.2) becomes (dropping momentarily the log term

2
and thel/2Mn”) Wor, = Eo(y|0n) = FuorFt 01 = FurF 3 0w

I2(0p) =57 i, p — e IHPREE L fp | Frp =(Fop — o) o = <1 - ;i) Uk
=X 1|yk P gthfP|2/FkP nLox = varo(wn|On) = M(Four — FuounF3 Fior)
Ui.p = . =n(Fuk = FrFyl) = nFuFyl(0})
Optimizing this with respect tg gives (7.6). Using that, re- =n <1 — ag”“’) o2,
ducesJ%(8p) to For

Continuing we can collapse Kl to

Jp(0r) = 0yyr — 0 yoep(0cer) Foyocr (8.1)
_ i 2 n 2
and minimizing this with respect tbp> is the same as (7.5). KLy = (varp(l+a1) — 2“1‘30‘”’)0_21 +tnlnoy,  (8.2)
Getting bp: We rewrite J(6p) as [with (&7 p, ag) = !
,'w D ~ ~
NI (TP, )] and minimizing this with respect tay, o2, gives the quoted
o i 0 ) algorithm.
Jp(fp) = 31|28 p — bty — & pfrl°/ Fup- Turning too2, on optimizing KL, we get
Given Dp, this is linear inbp, fr and so using a conditional ) |61 — Wor|? var, (Wor |0k
expectation notation is given by o, =% 2 +2 2
~ ~ | w0k| Fok
bp = cov(u®, 2°|&€p) /var(u®|Ep) = ) + X “n

and this is (7.4). which is the quoted expression.
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B. Regularized Parameters

Givenbp optimize with respect t®p, fp and get the same
resultsasin (7.2), (7.3). Thek,(6p) collapses to (8.1) and then

0 T —1
Jp =0yyr — 0yoep(0eer)” " Tyocp

1 1. -
:ﬁE’f 1|.Tk7p—bpuk|2

1 210 N _
- 521 l(xk,P - bPUk)Sk,:G’(U&P) 1()
=0zxP — 2bP0'uxP + b?’o—uul’

— (Osoer — bPOuoe ) (0eeP) " HOwoe P — bPTuoe P)-
The locally weighted criterion, thus, becomes
EK&;J?)_Q(ZJP)

and optimizing this orbp» gives (7.5).
RegularizingFy p: We use local log likelihood, so K. is
now

KLy = SoKOKLY, p_g

and in the mask or neighborhoad, 0371 are fixed. Follow

(5]
(6]

(7]

(8]

(9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]

through the previous derivation and then get same algorithm but

with varp, covp as quoted.
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