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A Signal Estimation Approach to Functional MRI
V. Solo*, Fellow, IEEE, P. Purdon, R. Weisskoff, and E. Brown

Abstract—In the last half decade, fast methods of magnetic reso-
nance imaging have led to the possibility, for the first time, of non-
invasive dynamic brain imaging. This has led to an explosion of
work in the Neurosciences. From a signal processing viewpoint the
problems are those of nonlinear spatio-temporal system identifica-
tion. In this paper, we develop new methods of identification using
novel spatial regularization. We also develop a new model compar-
ison technique and use that to compare our method with existing
techniques on some experimental data.

Index Terms—Functional MRI, image processing, inverse
problem, MRI.

I. INTRODUCTION

A. General

RECENT developments in fast imaging with magnetic res-
onance imaging (MRI) have allowed researchers to study

the function of the human brain with a unique combination of
high spatial and temporal resolution that is unmatched by other
imaging modalities [1], [2]. The MR signal is sensitive to local
changes in blood oxygenation and blood volume brought about
by neural activity. The signal changes observed through this
blood oxygen level-dependent (BOLD) contrast mechanism
occur on a time scale of seconds, allowing observation of an
interesting range of dynamical patterns within and among brain
regions. A brief, readable survey of brain Mapping with this
functional MRI (fMRI) is available in [3].

In a typical block design fMRI experiment, a subject is pre-
sented with a stimulus or cognitive task, in a periodic “off”–“on”
pattern, while images of the brain are taken in rapid succession.
An example might be a flickering checkerboard visual stimulus
which is “on” for 10 s and “off” for 15 s (i.e., a “square-wave”
stimulus). Such experiments are designed to determine and an-
alyze regions of functional specialization within the brain that
are related to the stimulus presented. A typical fMRI experiment
lasts several minutes, with a sampling interval between images
ranging from hundreds of milliseconds to several seconds and
with a spatial resolution of a few millimeters. More recently,
so-called event related fMRI experiments have been developed
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[4], [5] in which multiple brief stimuli are applied during a
single experiment. Although our approach supports analysis of
this kind of data, we have not pursued such examples here.

The reconstructed fMRI signal at time and pixel is
thought to consist of two factors: 1) the BOLD hemodynamic re-
sponse brought about by some stimulusand 2) the “brain
noise” . This “brain noise” consists of hemodynamic fluc-
tuations of unknown origin, possibly related to “background”
processes in the brain, as well as cardiac and respiratory fluc-
tuations. In most cases, the cardiac and respiratory influences
account for only a small portion of the observed variability.

B. Review and Preview

Methods of analysis of fMRI data are in a rapid state of devel-
opment. With rare exceptions ([6] and our own conference pa-
pers [7], [8]) previous modeling work has been pixel-wise with
no notion of using any spatial continuity to improve signal and
parameter estimation efficiency. Also, many approaches use hy-
pothesis testing based on differences between averages inON

and OFF periods. In this paper, we are interested in taking a
signal estimation approach that is not tied to a particular stim-
ulus signal paradigm and that allows the possibility of increased
statistical estimation efficiency. This is particularly important
since more complex stimulus signals are coming into use [4].
Also scientific questions may go unanswered because of low
signal-to-noise ratio (SNR) in estimation. The most widely used
current approach is that of [9] which uses a linear convolution
model to relate stimulus to response and deals with colored
noise by prefiltering. They make no use of spatial regulariza-
tion. Because of its common use, we will compare our results to
those obtained by the modeling technique of [9]. In [6], a frame-
work similar to that of [9] is used but spatially varying delays are
allowed as well as colored noise. Also spatial smoothing is em-
ployed and a more flexible impulse response model is used. Our
work has some similarities to this but was developed indepen-
dently. Other work of note includes [10] who use singular value
decomposition (SVD). This approach does not impose temporal
or spatial continuity. And it does not directly incorporate esti-
mation of the stimulus to response transfer function. This can
be done after the SVD is computed but the introduction of this
constraint late in the signal processing procedure leads to bias.
In [11], wavelets have been applied to fMRI. The method as-
sumes white noise and does not give an explicit transfer func-
tion estimate. In [12], Markov random field (MRF) methods
have been applied to the spatio-temporal modeling of fMRI.
There are several stages. First, an overall MRF prior is applied
in space and time. This is not attractive since the data is much
rougher space-wise than time-wise. It would be interesting to
develop more suitable priors that recognized the distinction be-
tween time and space. An impulse response is estimated from
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the first step reconstruction and then another MRF step follows.
The failure to apply all constraints at the beginning leads to a
loss of statistical efficiency for this procedure.

We develop a weakly nonlinear spatio-temporal colored noise
model based partly on empirical work and fit the model using
a local spatial regularization method that is computationally ef-
ficient. We also develop a new model comparison method. The
local regularization and the model comparison are the main con-
tributions of the work, but the emphasis on system identification
rather than detection is also important. Section II describes the
model, Section III discusses the model fitting based on cyclic
descent and the model comparison is developed in Section IV.
An example of the method applied to real data including com-
parison to the generalized linear method (GLM) is described in
Section V while conclusions are offered in Section VI. More
technical material is placed in Appendices A and B.

C. Notation

For convenience, we collect notation and definitions here. In
places a superscript zero denotes no regularization.or de-
notes a pixel, denotes a time. is an activation amplitude at
pixel and in our model below will have three components,

. denotes a general parameter at
pixel and is split into where is a signal
parameter and is a noise parameter. We denote to be
the per pixel dimensions of . Below we will meet some
nuisance parameters (motion parameters) which we will lump
in with the signal parameters. is a signal at time, pixel
and denotes its temporal Fourier transform whereis a
Fourier frequency

is a power spectrum at frequency. Also we
will use several covariances, each of the general form

where superscript denotes Hermetian i.e., complex conjugate
transform. Also we will use a spatial weighting kernel or mask,

that sums to one and is supported on a finite neighborhood.
This could be e.g., cone or pyramid shaped, e.g.,

e.g., or and
; controls the effective mask size. The support region

corresponding to is of size . Also
is a correction term for the discreteness of the pixels;

. In the sequel, we use “dc” to
denote a mean or baseline or constant value.

II. TIME SERIESDECOMPOSITION

Our approach builds on earlier work of several researchers;
[13] who used a convolution with a Poisson shaped impulse
response to relate stimulus to response; [14] who showed that
there is important low frequency colored noise; [15] who in-
vestigated the validity of linearity and convolution; and work

of [16] which attempts to inject some physiology into the mod-
eling. More details of the construction of the model are given
in [17]; here, we concentrate on statistical signal processing is-
sues. There are other approaches which do not, however, explic-
itly model the relation between stimulus and response. These are
discussed further below.

Our model then is a pixel by pixel construction. Here, we only
deal with single slice data and so treat motion effects crudely
by means of a drift term. We begin by describing the signal
model and then follow with a description of the noise model.
The signal is a product of two terms; a term representing
oxygen level and a term representing blood volume. Each of
these terms is modeled as a convolution of the stimulus with an
impulse response; more details are given in [17]. We have then

where
“dc” levels;
gains;
hemodynamic impulse response;
spatially varying delay;
heaviside step function;
denotes temporal convolution.

The form of the response is based on empirical studies and
has been prespecified here ,because as we shall see in the kind
of experiments we have analyzed, the stimulus signal has insuf-
ficient persistence of excitation to provide reliable estimates of
many parameters. The hump shaped impulse response is
motivated by empirical studies and also by a similar model used
by [6] and given pixel-wise by

with normalizing constant chosen to make sum to one in,
for each pixel . Also is a time constant and then the hump
has a maximum at . Note also that is well
behaved in , as or .

Expanding the product and reorganizing terms gives

(2.1)

Turning to the noise, based on empirical studies [14] we use a
first order autoregressive model for haemodynamic fluctuations
and white noise for background “thermal” noise; again see [17]
for details. The noise model is then

AR(1) noise white noise

where are independent white noises of variances
, is the AR(1) parameter and is the backshift

operator.
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We incorporate the dc term in (2.1) into an overall dc term
while a drift term is added to deal with motion as described
above. Our overall model then gives the fMRI signal as
(with )

(2.2)

III. M ODEL FITTING

It proves computationally advantageous to carry out model
fitting in the frequency domain. Fourier transforming (2.1), (2.2)
and neglecting aliasing (which proves to be no problem) gives

(3.1)

where we have set and

etc.

Local Likelihood: The likelihood function is defined
pixel-wise and to develop it clearly we first exhibit it without
spatial regularization. We use a Gaussian negative log like-
lihood criterion which has a well known frequency domain
approximation [18] as follows. In the absence of spatial
regularization, it has the pixel-wise form

(3.2)

(3.3)

(3.4)

A typical approach to recognizing the spatial continuity in some
of the parameters is by applying, say, Tikhonov regularization
[19] to this criterion. However, that leads to a global nonlinear
optimization problem that is computationally intractable. In-
stead we have applied the local polynomial technique that has
become popular in Statistics [20] but which dates back to Econo-
metrics of the 1920s. Similar (but not the same) ideas are used
in optical flow estimation in computer vision [21], [22]. At each
pixel we consider a neighborhood of nearby pixels. For the
purpose of parameter estimation at pixel, we set to be
fixed. We use a likelihood function, however, that is a weighted
average of the pixel-wise unregularized likelihood above, thus

Or, more carefully

(3.5)

where is the weight function or mask as described above.
We now optimize to get the estimate of at pixel .
Then we move through the whole region one pixel at a time re-
peating the whole computation. This procedure provides non-
parametric estimation of . Our spatio-temporal model is a
semiparametric model in the sense that the temporal specifica-
tion is parametric while the spatial part is nonparametric. We
can also allow that varies as a polynomial in each neighbor-
hood and this is known to provide superior bias and variance
properties [20]. We have not implemented that extension here,
however. At the edges just use that part of the mask that overlaps
the region (with necessary rescaling so weights in mask sum to
1).

In the sequel, we assume is known from empirical studies.
But below in the EM algorithm we show how to estimatealso
with a minor change.

Computational details are given in Appendix A. The general
strategy is to optimize using cyclic descent with a judiciously
chosen order that uses parameter linearity where possible and
allows the delay to be treated as a one dimensional correlation
calculation. We call our method locally regularized spatio-tem-
poral modeling (LRST). Derivations of the computational equa-
tions are given in Appendix B.

IV. M ODEL COMPARISON

The problem of comparison of statistical models, which in-
cludes the problem of model order selection for finitely param-
eterized models, has a considerable literature. A nice summary
of this work can be found in [23]. We need not only to be able to
compare models of different structure such as LRST and GLM,
but also models of the same structure that depend on a tuning
parameter; in our case a mask size. Despite the considerable
work on this problem there are no available methods that cover
our case; e.g., criteria like Akaike’s information criterion (AIC)
are not applicable because the tuning parameter in our case is
not a model dimension. We present a new model comparison
criterion called NURE (nearly unbiased risk estimation) which
is of general applicability. It may be regarded as a generaliza-
tion of methods such as AIC and has been briefly described on
a totally different problem in [8].

To develop a model comparison criterion one needs, for given
, a discrepancy criterion or risk function that measures the

discrepancy between a user chosen feature (such as a spectrum)
and the model of it. Models are then compared on the basis of

where is an estimator of based on data
. Of course the model has to be fitted to the databased on

some data fidelity criterion . and may
or may not be related.

Now there are two problems in carrying this out. Because
involves data features it is not computable; so one must

find an unbiased estimator of it instead, say
based on data; this is usually not too difficult to construct.
The natural surrogate for will then be
but this will be biased. So a Taylor series argument is used to
provide a correction term (which turns out to measure model
complexity) to be added to to yield a nearly unbiased
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estimator of . A brief derivation is given in [8]. We now de-
scribe these elements for our problem.

A. Risk Criterion

The risk criterion we use is the Kullback–Liebler (KL) infor-
mation, because it seems to be almost the only criterion that si-
multaneously measures discrepancy with respect to both signal
and noise parameters in a natural way. The KL information

is given by

where is the true but unknown density of the data and
is that under the model. Under Gaussian assumptions

and similarly for . So we find

Under stationary noise assumptions are both Toeplitz ma-
trices and are nearly diagonalized by Fourier eigenvectors. So
we get (dropping the ) approximately on recognizing also
the pixel-wise independence

where is the true or actual spectrum of at temporal
frequency and is the spectrum
according to the model. Also is the DFT of .

Again, we do not know so we cannot calcu-
late and, hence, . So as indicted above we con-
struct an unbiased estimator valid for fixed. Thus, (dropping
the term, which does not depend on) we see easily
that for fixed [with ]

(4.1)

is an unbiased estimator of . Again it is not sufficient
to use as our model comparison criterion since
it is biased as an estimator of . Taylor series
expansions allow one to calculate the bias terms (see below).
But to do so we must specify the model fitting criterion which
we now do.

B. Data Fidelity Criterion

We have been using a locally spatially weighted likelihood
function. A crucial observation is that the local weighting means
that the overall data fidelity criterion is pixelwise separable in

the parameters. This simplifies computation of NURE enor-
mously as compared to what one would get with say Tikhonov
regularized criteria, since it makes matrices that appear in the
model complexity term to be block diagonal. We have then

The NURE is then given by (see [8] for a brief general deriva-
tion)

The trace term is a bias term or model complexity term and it
has both signal and noise components. Also

(4.2)

where is the “pseudomean” which satisfies

is unknown and we usually replace it by in the above
expressions. This introduces extra bias but it is of lower order.

We can separate into signal and noise compo-
nents as follows:

where e.g.,

In each case below, the NURE has the form

model complexity

So, below, we just give the model complexity expressions.
Explicit expressions for derivatives are straightforward and
omitted.

The general NURE criterion does not assume that the data
generating process belongs to the model class being fit. If it does
belong then the model complexity trace term simplifies a lot and
we denote the resulting criterion in lower case as nure. Thus,
e.g., AIC is actually a nure criterion while its NURE equivalent
is TIC (see [24] for a review and extensions). Below we develop
only nure for simplicity.
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C. NURE for LRST Model

For simplicity, here, we give only the nure version. Here, the
signal and noise components uncouple and we get

(4.3)

In these formulas, we replace by and by
. These results are relatively straightforward to

obtain. For example, to obtain (4.3) use (4.2). So differentiate
through (3.5) and (4.1) with respect to . Then take cross
covariances between the two expressions using the fact that

.
Note that the signal and noise complexity terms are close to

respectively. Alternatively if we call (ap-
proximately) the neighborhood size then these
penalties are . We may think of this
roughly as # of independent parameters# of independent pa-
rameters per neighborhood# of neighborhoods.

D. NURE for GLM

Again we give only the nure version here. The GLMmodel of
[9] is

where is a white noise. We use for a mean and for a
signal parameter but these are different parameters to ours and

is a different function of . There should be no confusion
in context. Reference [9] smooth the data and estimatefrom
the smoothed data by ordinary least squares. If we denote their
smoothing filter by , then since their calculation is pixel by
pixel, their estimator is (superscript is for [9])

where is the DFT of . If we compare this to our then the
simplest interpretation of is that it is a whitening filter. Thus,

takes the place of our . Thus, the expression for
will be

Note that [9] model the drift by a Fourier series of seven terms.
There is only a signal model complexity term to be added

namely where

To compute we could either put in which
case the complexity term becomes simply . Or else we can
use and then the trace will have to be computed.

Explicit expressions for are straightforward since
the [9] signal model is linear.

V. APPLICATION TO DATA

We applied our LRST method to fMRI data from a combined
visual and motor experiment. The data were collected using
a GE Signa 1.5-T scanner modified for echo-planar imaging
(EPI) by ANMR. The subject was presented with a full-field
flickering checkerboard, in a 12.8-sOFF, 12.8-sON pattern, re-
peated eight times. A single slice image transecting both the
visual and motor cortex was taken once every 800 ms for the
duration of the experiment. These data were analyzed with the
above methods over a range of regularization smoothing widths.
An activation map was created by taking the square-root of the
weighted 2-norm of the estimated activation signal as follows:

activation

This activation metric provides a rough measure of the extent
of the activation signal while accounting for the large, spatially
varying hemodynamic fluctuations (noise) by weighting with
the noise spectrum. In order to compare our regularization tech-
nique to other spatial treatments, we also analyzed the data in
two other ways: 1) by employing our method without regular-
ization; and 2) by spatially prefiltering the data with a 33
separable Hanning kernel and then analyzing it without regular-
ization. In Fig. 1, we show an anatomic image with several re-
gions of interest (roi) corresponding to motor cortex 1), primary
visual cortex 2), superior sagittal sinus 3), and white matter 4).
Figs. 2–5 show time series of data from these ROIs along with
timing diagrams of the stimulus. Figs. 2 and 3 also show plots of
the LRST fits superimposed over the actual data, demonstrating
a strong correspondence between the observed behavior and the
model fit. In Figs. 6 and 7, similar plots are shown for the GLM
fits. In each case, residuals are also shown; the residuals are es-
timates of in (2.2) and in the GLM model. In Fig. 8,
we show a frequency domain view of the motion and baseline
corrected signal. And by way of comparison in Fig. 9 we show
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Fig. 1. Brain map showing regions of interest.

Fig. 2. Primary motor cortex time series, regularized fit and residuals.

the frequency response of the gamma hump and in Fig. 10 the
AR(1) noise spectrum. In Fig. 11, we show activation and noise
plots for the unregularized, regularized, and prefiltered anal-
ysis described above. The noise is plotted as the square-root of
the power in the AR(1) portion of the noise signal. The noise
estimates for the regularized case appear smoother than either
the spatially prefiltered case or the unregularized case. In addi-
tion, the noise for the regularized case shows contrast between
gray matter and white matter, coinciding with the notion that
the noise comes from hemodynamic sources. In the unregular-
ized and spatially prefiltered cases, this contrast is less clear.
Because we are regularizing over just the noise, the activation
maps for the regularized case have the same (in fact slightly
better) high spatial resolution as the unregularized case, com-
pared to the blurred activations in the spatially prefiltered case.

Fig. 3. Primary visual cortex time series, regularized fit and residuals.

Fig. 4. Superior sagittal sinus time series.

Fig. 5. White matter time series.

In Figs. 12 and 13, we give plots of the nure for the regularized
procedure and for the method of [9]. We see that our regular-
ized analysis produces a much better result. Finally, in Fig. 14
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Fig. 6. Primary motor cortex time series, GLM fit and residuals.

Fig. 7. Primary visual cortex time series, GLM fit and residuals.

Fig. 8. Motion corrected signal.

we show some analysis of innovations. For LRST, the innova-
tions signal is the error signal produced after fitting the AR(1)
white noise model to the residuals. For the GLM method, the in-
novations are the result of applying the GLM “whitening” filter
to the residuals. We see that the GLM filter does a poor job,

Fig. 9. Gamma frequency response.

Fig. 10. AR(1) spectrum.

Fig. 11. Activation for each of three methods.

leaving much color in the innovations. The LRST innovations
are by contrast essentially white as expected.

VI. CONCLUSION

In this paper, we have discussed the use of regularization
to improve the modeling of fMRI time series. To avoid com-
putational problems we have eschewed Tikhonov regulariza-
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Fig. 12. Nure for LRST method.

Fig. 13. Nure for GLM method.

Fig. 14. ACF of innovations.

tion rather using local modeling. We found significant improve-
ment in SNR due to regularization of the noise parameters. We
also found significant improvements over prefiltering which has
been a popular method in the fMRI literature. Effects on mo-
tion parameters (not reported here) were of smaller order. Ef-
fects on delay parameters will be reported elsewhere. We have
also developed a discrepancy measure (nure) for comparing dif-

ferent estimation methods and used that to compare our LRST
technique to the currently popular GLM method. Our method
shows superior performance. Other topics for further study in-
clude; provision of standard errors for parameter and activation
estimates; extensions to deal with single event data.

APPENDIX A
COMPUTATIONAL DETAILS

The estimation of decouples because it enters only the
zero frequency term in (3.2). Firstly minimizing with re-
spect to gives

(7.1)

This nulls the first term in (3.5) and then can be calculated
at the end, once is found.

We now denote ) to be the remaining param-
eters. and . And we
minimize with respect to using cyclic descent, thus,
the following:

given get ;
given get .

Getting : We proceed in two stages:

given get ;
given get .

Getting : Set
so then

(7.2)

i.e., plot the cross covariance for a lag corresponding to a max-
imum. Note that only gets calculated once; only is
recalculated as we vary . Once is found then

(7.3)

But this need only be found at the last iteration.
Getting : We introduce the unregularized estimator

(7.4)

and call the denominator in that expression i.e.,

The local constant estimator is simply

(7.5)

Getting : Here an EM algorithm [25] proves most conve-
nient and requires zero padding. Below a subscript zero denotes
the current iteration while subscript one denotes next iteration.
We first list the unregularized algorithm

(7.6)

(7.7)
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To estimate also the update equation is

Turning now to spatial regularization, the algorithm is exactly
as before except that now

where denote the quantities in (7.6), (7.7).

APPENDIX B
DERIVATIONS

It is clearer if we first develop the no-regularization case and
then modify the results for regularization.

A. No Regularization

Getting : Setting

the criterion (3.2) becomes (dropping momentarily the log term
and the )

Optimizing this with respect to gives (7.6). Using that, re-
duces to

(8.1)

and minimizing this with respect to is the same as (7.5).
Getting : We rewrite as [with

]

Given , this is linear in and so using a conditional
expectation notation is given by

and this is (7.4).

Getting : For clarity, we drop the subscript in this
subsection. For the EM derivation, the data is . The
KL (Kullback Liebler) function (also called the function) for
the EM algorithm is the conditional expectation givenof the
log of the joint density of and \noalign{\vskip4pt}

KL KL KL

Note, for later use, for a stationary signal

where is a spectrum. And denotes the cross spectrum
between . Also in this subsection successive iterates are
denoted with indices respectively 0,1. Continuing we find

KL

KL

Now KL is free of unknown parameters. While

KL

where (with )

Continuing we can collapse KLto

KL (8.2)

and minimizing this with respect to gives the quoted
algorithm.

Turning to , on optimizing KL we get

which is the quoted expression.
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B. Regularized Parameters

Given optimize with respect to and get the same
results as in (7.2), (7.3). Then collapses to (8.1) and then

The locally weighted criterion, thus, becomes

and optimizing this on gives (7.5).
Regularizing : We use local log likelihood, so KL is

now

KL

and in the mask or neighborhood are fixed. Follow
through the previous derivation and then get same algorithm but
with as quoted.
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